Hamiltonization of nonholonomic systems by Borisov, A. V. & Mamaev, I. S.
ar
X
iv
:n
lin
/0
50
90
36
v1
  [
nli
n.S
I] 
 21
 Se
p 2
00
5
Hamiltonization of nonholonomi systems
A.V.Borisov, I. S.Mamaev
Abstrat
We onsider some issues of the representation in the Hamiltonian form of two problems
of nonholonomi mehanis, namely, the Chaplygin's ball problem and the Veselova prob-
lem. We show that these systems an be written as generalized Chaplygin systems and an
be integrated by the method of reduing multiplier. We also indiate the algebrai form of
the Poisson brakets of these systems (after the time substitution). Generalizations of the
problems are onsidered and new realizations of nonholonomi onstraints are presented.
Some nonholonomi systems with an invariant measure and a suffiient number of first
integrals are indiated, for whih the question of the representation in the Hamiltonian
form is still open, even after the time substitution.
First, we onsider ertain general results related to the method of integration of nonholonom-
i systems, whih S.A.Chaplygin [3℄ alled the method of reduing multiplier. We generalize
this method so it an apply to a broader lass of systems, so-alled generalized Chaplygin sys-
tems. In the remaining setions, we apply these results to find expliitly the Poisson strutures
and the isomorphisms with other integrable Hamiltonian systems.
1. Generalized Chaplygin systems
Consider a mehanial system with two degrees of freedom, suh that the equations of
motion an be written in the form:
d
dt
(
∂L
∂q˙1
)
− ∂L
∂q1
= q˙2S,
d
dt
(
∂L
∂q˙2
)
− ∂L
∂q2
= −q˙1S,
S = a1(q)q˙1 + a2(q)q˙2 + b(q),
(1)
where L is a funtion of oordinates and veloities; this funtion will be also referred to as the
Lagrangian of the system.
For a speial form of S with b(q) = 0 we obtain an ordinary Chaplygin system [3℄.
S.A.Chaplygin showed that the equations of so-alled Chaplygin sleigh an be redued to
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the form (1) (with b(q) = 0); the system (1) an be integrated by applying the below-stated
method of reduing multiplier and the solution of the HamiltonJaobi equation. In [1℄ the
authors show that the Veselova system is a Chaplygin system. The Veselova system desribes
the rotation of a rigid body about a fixed point under a nonintegrable onstraint: the projetion
of its angular veloity onto the fixed axis is zero. We show below that the system of equations
for Chaplygin's ball on a plane [6℄ an also be redued to the form (1) (but with b(q) 6= 0).
We will all the system (1) a generalized Chaplygin system (it should not be onfused with
that from [22, 30℄, where a different generalization of Chaplygin systems was offered!).
Chaplygin showed that in the ase b(q) = 0 [3℄, the equations preserve their form under
time substitutions
N(q) dt = dτ
if N does not depend on the veloities. Let us show that this also holds for equations (1).
Denoting the differentiation by q′i =
dqi
dτ
we find
q˙i = Nq
′
i,
∂L
∂q˙i
=
1
N
∂L¯
∂q′i
,
∂L
∂qi
=
∂L¯
∂qi
− 1
N
∂N
∂qi
2∑
k=1
q′k
∂L¯
∂q′k
,
where L¯(q, q′) = L(q, Nq′).
Substituting into (1) gives
d
dτ
(
∂L¯
∂q′q
)
− ∂L¯
∂q1
= q′
2
S¯,
d
dτ
(
∂L¯
∂q′
2
)
− ∂L¯
∂q2
= −q′
1
S¯,
S¯ = NS +
1
N
(
∂N
∂q2
∂L¯
∂q′
1
− ∂N
∂q1
∂L¯
∂q′
2
)
.
(2)
It is known for an ordinary Chaplygin system [3℄ that if there is an invariant measure with
density depending only on the oordinates, one an hoose N(q) for whih S¯ = 0; hene, in
terms of the new time τ , the system an be written in the lassial Hamiltonian form. Let us
give a generalization of this result for the ase of generalized Chaplygin systems of the form
(1), under the assumption that the Lagrangian is a quadrati funtion of the veloities q˙i (not
neessarily homogeneous).
Theorem 1. Let det
∥∥∥∥ ∂2L∂q˙i∂q˙j
∥∥∥∥ 6= 0, and let the system (1) admit an invariant measure with
density depending only on the oordinates; then there is a time substitution N(q) dt = dτ suh
that
1) the funtion S¯, defined by (2), depends only on the oordinates: S¯ = S¯(q),
2) in terms of the new time, the equations of motion an be written in Hamiltonian form:
dqi
dτ
= {qi, H¯}, dpi
dτ
= {pi, H¯},
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where
pi =
∂L¯
∂q′i
, H¯ =
2∑
k=1
pkq
′
k − L¯
∣∣∣
q′
i
→pi
,
and the Poisson braket is given by
{qi, pj} = δij, {p1, p2} = S¯(q), {q1, q2} = 0. (3)
Proof
Let us apply the Legendre transformation to the initial system (1):
Pi =
∂L
∂q˙i
, H =
∑
i
Piq˙i − L
∣∣∣
q˙i→Pi
;
here,
q˙i =
∂H
∂Pi
, P˙1 = −∂H
∂q1
+
∂H
∂P2
S, P˙2 = −∂H
∂q2
− ∂H
∂P1
S,
S = a1(q)q˙1 + a2(q)q˙2 + b(q) = A1(q)P1 + A2(q)P2 +B(q).
(4)
Using the Liouville equation for the density of the invariant measure ρ(q) dP1 dP2 dq1 dq2 of the
system (4), we find
q˙1
(
1
ρ
∂ρ
∂q1
− A2(q)
)
+ q˙2
(
1
ρ
∂ρ
∂q2
+ A1(q)
)
= 0;
sine ρ depends only on the oordinates, eah of the brakets should beome zero separately:
1
ρ
∂ρ
∂q1
−A2(q) = 0, 1
ρ
∂ρ
∂q2
+ A1(q) = 0.
Now we write equation (2) for S¯, taking into aount the relation
1
N
∂L¯
∂q′i
= Pi:
S¯ =
(
NA1(q) +
∂N
∂q2
)
P1 +
(
NA2(q)− ∂N
∂q1
)
P2 +B(q).
Thus, if we hoose N(q) = ρ(q), then S¯ = B(q), and the first statement of the theorem is
proved.
The seond statement an be proved with a straightforward verifiation of the equations
and of the Jaobi identity.
Remark 1. The time substitution, or the reduing multiplier, for multidimensional systems is losely
related to the invariant measure, but nevertheless, as shown in [28℄, an differ from it.
Note also that redution to the Hamiltonian form is useful for appliation of the methods of the per-
turbation theory, introdution of ation-angle variables, analysis of integrability and non-integrability,
et.
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The Hamiltonian systems with the braket (3) are used for desription of systems with a
generalized potential (for example, motion of harged partiles in a magneti field) or systems
with gyrosopi fores [25℄. In this ase, the losed 2-form S¯(q) dq1 ∧ dq2 is alled the 2-form
of gyrosopi fores. Loally, Ω an be represented as the exat differential Ω = dω, ω =
W1(q)dq1 + W2(q)dq2 and the equations of motions (2) an be written in the form of the
LagrangeEuler equations
d
dτ
(
∂LW
∂q′i
)
− ∂LW
∂qi
= 0,
LW = L¯+W (q, q
′), W (q, q′) =W1(q)q
′
1
+W2(q)q
′
2
,
here the Poisson brakets for the new momenta p˜i = pi+Wi(q) and oordinates qi are anonial
(i. e. {qi, p˜j} = δij).
If the manifoldM, on whih the oordinates q1, q2 are defined is ompat, then the riterion
for Ω to be exat is ∫
M
Ω = 0.
Thus, if
∫
Ω 6= 0 (i. e. the 2-form is not exat) then the generalized potential W and the
orresponding Lagrangian and Hamiltonian funtions have singularities (so-alled monopoles)
[23℄. In this ase, sometimes it is said that the global representation of the equations of motion
in the (anonial) Hamiltonian form is impossible.
2. Veselova system
The Veselova system desribes the motion of a rigid body with a fixed point subjet to
nonholonomi onstraint of the form (ω,γ) = 0, where ω and γ are the body's angular veloity
vetor and the unit vetor of the spae-fixed axis in the frame of referene fixed to the body.
Thus, for the Veselova onstraint, the projetion of the angular veloity onto a spae-fixed axis
is zero. This onstraint is reiproal to the Suslov onstraint [24℄, for whih the projetion of
the angular veloity onto a body-fixed axis is zero.
In the moving axes fixed to the body, the equations of motion an be written as follows
[5, 7℄:
Iω˙ = Iω × ω + µγ + γ × ∂U
∂γ
, γ˙ = γ × ω, (5)
where µ is an undetermined multiplier, I = diag (I1, I2, I3) is the tensor of inertia, U(γ) is the
potential energy. The undetermined multiplier µ an be found by differentiating the onstraint:
4
µ =
(
Iω × ω + γ × ∂U
∂γ
, I−1γ
)
(γ, I−1γ)
. (6)
In the general ase the equations (5) admit the integral of energy and the geometri integral
H =
1
2
(Iω,ω) + U(γ), γ2 = 1, (7)
as well as the invariant measure ρω d
3ω d3γ with density
ρω =
√
(γ, I−1γ). (8)
When U = 0, there is an additional integral
F = (Iω, Iω)− (Iω,γ)2 = |Iω × γ|2, (9)
and hene, the system is integrable aording to the EulerJaobi theorem [5℄.
Remark 2. The integral (9) is generalized when the Brun potential is added [5, 7℄. Some other integrable
potentials are given in [1, 13℄.
Remark 3. The system (5), (6) with the onstraint (ω,γ) = 0 was redisovered in paper [15℄ almost
ten years after [5, 7℄. In [15℄, an expliit integration was performed using sphero-onial oordinates.
Remark 4. The Veselova system and the nonholonomi systems (onsidered below) desribing the
rolling motion of bodies belong to the lass of so-alled LR- and L + R-systems on Lie groups [1,
7℄. Several results on the existene of invariant measure for suh systems are known. We do not
onsider here these general results, espeially useful for multidimensional generalizations. Note also
that the general methods of redution of nonholonomi systems were examined in many papers, see
for example [19℄.
Remark 5. Generalization of the Veselova onstraint (ω,γ) = d 6= 0 was onsidered in [9℄. Using
Chaplygin's method of integration for a dynamially asymmetri ball with non-zero onstant of areas
[6℄, the author presented an expliit integration of the equations.
It was shown in [1℄ that the Veselova system is the Chaplygin system (1) with b(q) = 0
and, therefore, upon the time substitution N dt = dτ , it an be written in the Hamiltonian
form, where the reduing multiplier is N = ρ−1ω . Let us show this expliitly using the loal
oordinates (namely, the Euler angles θ, ϕ, ψ) and then apply the obtained anonial Poisson
struture of the otangent bundle of the sphere T ∗S2 to onstrut an algebrai Poisson braket
of redundant variables ω, γ. With suh an algebraization of the Poisson struture, one an
naturally establish an isomorphism with the Neumann system desribing the dynamis of a
point on a sphere in a quadrati potential. This isomorphism was straightforwardly established
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in [5, 7℄. Later, we will see that this analogy an be diretly extended to the Chaplygin ball
and the general Clebsh system (whih inludes the Neumann system as a partiular ase).
In terms of the Euler angles, the body's angular veloity ω and the unit vetor γ are given
by
ω = (ψ˙ sin θ sinϕ+θ˙ cosϕ, ψ˙ sin θ cosϕ−θ˙ sinϕ, ψ˙ cos θ+ϕ˙), γ = (sin θ sinϕ, sin θ cosϕ, cos θ).
(10)
The equation of the onstraint is
f = (ω,γ) = ψ˙ + cos θϕ˙ = 0, (11)
Eliminating the undetermined Lagrange multiplier from the equations of motion we an write
the equation for θ, ϕ as a Chaplygin system:
d
dt
(
∂T
∂θ˙
)
− ∂T
∂θ
+
∂U
∂θ
= ϕ˙S,
d
dt
(
∂T
∂ϕ˙
)
− ∂T
∂ϕ
+
∂U
∂ϕ
= −θ˙S,
S =
∂T0
∂ψ˙
∣∣∣∣
ψ˙=− cos θϕ˙
= sin2 θ
(
θ˙(I2 − I1) sinϕ cosϕ− ϕ˙(I1 cos2 ϕ+ I2 sin2 ϕ+ I3)
)
,
(12)
where U is the potential energy of the body in an external field, T0 =
1
2
(ω, Iω) is the kineti
energy without the onstraint, while T is the kineti energy from whih ψ˙ is eliminated using
the onstraint
T = T0
∣∣∣
ψ˙=− cos θϕ˙
=
1
2
I1(θ˙ cosϕ− ϕ˙ sinϕ sin θ cos θ)2+
+
1
2
I2(θ˙ sinϕ+ ϕ˙ cosϕ sin θ cos θ)
2 +
1
2
I3ϕ˙
2 sin4 θ. (13)
Remark 6. The representation (12) is obtained upon differentiation under the ondition (11):
∂T
∂θ˙
=
∂T0
∂θ˙
,
∂T
∂ϕ˙
=
∂T0
∂ϕ˙
− cos θ∂T0
∂ψ˙
,
∂T
∂θ
=
∂T0
∂θ
+ ϕ˙ sin θ
∂T0
∂ψ˙
,
∂T
dϕ
=
∂T0
∂ϕ
.
Theorem 2 ([1℄). After the time substitution N dt = dτ , N = (γ, Iγ)−1/2, the equations of
motion of the Veselova system take the form of the EulerLagrange equations:
d
dτ
(
∂L
∂θ′
)
− ∂L
∂θ
= 0,
d
dτ
(
∂L
∂ϕ′
)
− ∂L
∂ϕ
= 0, (14)
where L = T − U
∣∣∣
θ˙=Nθ′, ϕ˙=Nϕ′
is the Lagrangian funtion; after time substitution it an be
written in the form:
L =
1
2
(γ ′ × γ, I(γ ′ × γ))
(γ, I−1γ)
− U(γ).
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Proof
The proof is based on a simple omputation test: after the time substitution, the right-hand
side S¯ of (14), alulated by virtue of (2), should vanish.
The anonial Hamiltonian form of the equations of motion (14) an be obtained using the
Legendre transformation
pθ =
∂L
∂θ′
, pϕ =
∂L
∂ϕ′
, H = pθθ
′ + pϕϕ
′ − L,
dθ
dτ
=
∂H
∂pθ
,
dϕ
dτ
=
∂H
∂pϕ
,
dpθ
dτ
= −∂H
∂θ
,
dpϕ
dτ
= −∂H
∂ϕ
.
(15)
Using the anonial variables of (15) and the time substitution (ρω
√
det I)−1dt = dτ , one
an write the equations of motion of the Veselova system in the Hamiltonian form on the
(o)algebra of the Poisson brakets e(3):
M = ρωI
1/2ω, Γ = ρ−1ω I
−1/2γ,
dM
dτ
=M × ∂H
∂M
+ Γ× ∂H
∂Γ
,
dΓ
dτ
= Γ× ∂H
∂M
,
(16)
H =
1
2
(Γ, IΓ)(M ,M) + U˜(Γ), (17)
where U˜(Γ) = U
(
ρωI
1/2
Γ
)
, and, respetively,
γ2 = Γ2 = 1, (ω,γ) = (M ,γ) = 0, ρω = (γ, I
−1γ)1/2 = (Γ, IΓ)−1/2,
{Mi,Mj} = εijkMk, {Mi,Γj} = εijkΓk, {Γi,Γj} = 0.
Thus, we have a Hamiltonian system with Poisson brakets orresponding to the algebra e(3),
and the four-dimensional sympleti leaf of the struture orresponding to the real motion is
given by γ2 = 1, (M ,γ) = 0 (for the lassial EulerPoisson equations a similar situation takes
plae if the onstant of areas [23℄ is zero). Note also that the system (16), (17) determines a
ertain integrable potential system on a two-dimensional sphere and defines thereby a ertain
geodesi flow.
The inverse transformation is
ω = (Γ, IΓ)1/2I−1/2M , γ = (Γ, IΓ)−1/2I1/2Γ.
Therefore, a searh for integrable potentials for the Veselova system is now redued to
the well-studied problem of searh for integrable ases in a Hamiltonian system on e(3) with
Hamiltonian (17). So, if U = 0, then the additional integral (9) an be written as
F = (IM ,M)(IΓ,Γ)− (IM ,Γ)2.
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(Note that {H,F} = 0 only on the level (M ,γ) = 0.)
It was noted in [5, 7℄ that for U = 0 the system (5) is equivalent to the Neumann problem.
As we an see, suh equivalene is not a result of the natural redution of the Veselova system to
the Hamiltonian form (16), (17) on e(3). It turns out that the isomorphism with the Neumann
system is aused by existene of a transformation that does not onserve the Poisson brakets
but redues the vetor field to the required form on the level surfae H = const.
Indeed, let us onsider a Hamiltonian system on e(3) (in the ase (M ,γ) = 0) defined by
the Hamiltonian
H = α
1
2
M 2(Γ, IΓ) + β
1
2
(
(M , IM)(Γ, IΓ)− (M , IΓ)2) . (18)
It is lear that both terms are the first integrals of the system. The following holds true:
Proposition 1. On a fixed level
M 2(Γ, IΓ)
det I
= c and (M ,Γ) = 0, the vetor field generated by
the Hamiltonian (18) is isomorphi to the vetor field of the Kirhhoff equations in the Clebsh
ase with zero value of onstant of areas (L, s) = 0; this field an be written in the form
s˙ = k(αs× L+ βs× IL),
L˙ = k
(
αcs× Is+ β(L× IL− c(det I)s× I−1s)) , k = −
√
det I. (19)
Proof
Let us hange the variables
L = I−1/2M , s = (Γ, IΓ)−1/2I1/2Γ,
so that the relations s2 = Γ2 = 1, (M ,Γ) = (s,L) = 0 hold. By virtue of linearity we onsider
the two ases α = 1, β = 0 and α = 0, β = 1 separately. In the first ase the equations of
motion in terms of the new variables read
s˙ = −
√
det I
(
s×L + (s,L)(s× I
−1s)
(s, I−1s)
)
,
L˙ = −
√
det I
(IL,L)
det I(s, I−1s)
s× Is.
Hene, taking into aount (s,L) = 0,
(IL,L)
(s, I−1s)
= M 2(Γ, IΓ) = c det I, we get the required
result.
The ase α = 0, β = 1 an be onsidered analogously.
If we onsider c as a onstant parameter, then the vetor field (19) is generated on e(3) by
the following Hamiltonian
H = kα
(
1
2
M 2 +
c
2
(Γ, IΓ)
)
+ kβ
(
1
2
(M , IM)− c
2
det I(Γ, IΓ)
)
.
8
If α = 1, β = 0, we obtain the Hamiltonian of the Neumann ase, while at α = 0, β = 1 this
is the Hamiltonian of the Brun problem. With arbitrary α, β, this Hamiltonian orresponds
to the general Clebsh ase in the Kirhhoff equations [12, 23℄. Using the representation (16),
(17), we easily obtain the following theorem for the Veselova system:
Theorem 3 ([5, 7℄). After time substitution, the vetor field of the Veselova problem (with
U = 0) on the fixed level of the integral of energy H = h = const beomes isomorphi to the
vetor field of the Neumann problem.
3. Chaplygin's ball
Consider the problem of rolling without sliding of a balaned, dynamially asymmetri ball
on a horizontal plane in the axisymmetri potential fore field (we assume that the geometrial
enter and the enter of mass oinide). We fix a moving frame of referene to the body and
write equations of motion in the following form [6℄:
M˙ =M × ω + γ × ∂U
∂γ
, γ˙ = γ × ω,
M = Iω +Dγ × (ω × γ) = IQω, D = mR2,
(20)
where ω is the ball's angular veloity, γ is the vertial unit vetor in the moving frame of
referene, I = diag (I1, I2, I3) is the ball's tensor of inertia with respet to its enter, m and
R are the ball's mass and radius, and U = U(γ) is the potential of the external axisymmetri
field. The vetor M is the ball's angular momentum with respet to the point of ontat. We
present the tensor IQ in the form
IQ = J−Dγ ⊗ γ, J = I+DE.
Equations (5) (with an arbitrary potential) admit the integral of energy, the geometri
integral and the integral of areas:
H =
1
2
(M ,ω) + U(γ), (γ,γ) = 1, (M ,γ) = c = const. (21)
They also admit the invariant measure indiated by Chaplygin [6℄, ρµ d
3M d3γ, with density
ρµ = (det IQ)
−1/2 =
[
detJ
(
1−D (γ,J−1γ))]−1/2 . (22)
If there is no external field (U = 0), the system (5) has an additional integral
F = (M ,M), (23)
hene, it is integrable aording to the EulerJaobi theorem [6℄. In [6℄, the solution of (20)
was given in terms of hyperellipti funtions.
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Remark 7. The integral (23) an be generalized to the ases of the Brun field U(γ) = k
2
(γ, Iγ) [10℄
and gyrostat [25℄. Other integrable potentials (with the zero onstant of areas (M ,γ) = 0) an be
found using the representation of the system on algebra e(3), whih is given below.
Comment. Although Chaplygin developed the general method of reduing multiplier [3℄, he did
not apply it to the system (20). The paper [10℄ indiates possible obstrutions to the appliation
of this method to the system (20). On the other hand, already in [6℄ the following question was
formulated: if the system (20) an be represented in Hamiltonian form? The problem of Hamiltonization
of Chaplygin's ball was formulated more stritly by Kozlov [12℄ and Duistermaat [11, 17℄. In [8℄, the
authors showed numerially that without a time substitution, the equations of motion of the Chaplygin
ball are not Hamiltonian beause the periods of motion for the orbits lying on the two-dimensional
invariant resonane tori are not the same. However, after an appropriate time substitution the system
(20) beomes Hamiltonian and Poisson brakets are found expliitly (see Ref. [2℄).
Unfortunately, the authors of the review [17℄ did not sueed in an expliit verifying our result
(perhaps, due to ertain misprints in [2℄). Here, we will prove the result of [2℄ using another method
and then reveal an interesting isomorphism between the Chaplygin ball and the Clebsh ase in the
Kirhhoff equations. Another isomorphism has been indiated in [31℄.
To desribe the ball's rotation let us add to the system (20) the equations for the remaining
diretion osines:
α˙ = α× ω, β˙ = β × ω.
Suh a system admits two additional integrals linear in veloities
(M ,α) = const, (M ,β) = const.
Under suh an extension, the integral manifolds remain two-dimensional. Hene, the Chap-
lygin problem with U = 0 is degenerate or, as it is sometimes alled, superintegrable. From
this viewpoint, Chaplygin's ball is a nonholonomi analog of the EulerPoinsot top, a well-
known nonommutative integrable system, and the phase spae of this three-degree-of-freedom
Hamiltonian system is foliated into two-dimensional tori (not three-dimensional aording to
the Liouville theorem).
It was shown in [2℄ that, for an arbitrary potential, after the time substitution and hange
of variables
ρµ dt = dτ, L = ρµM , (24)
the equations of motion (5) take in the Hamiltonian form:
dMk
dτ
= {H,Mk}, dγk
dτ
= {H, γk}
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with the nonlinear Poisson braket
{Li, Lj} = εijk
(
Lk −D(L,γ)ρ2µJiJjγk
)
, {Li, γj} = εijkγk, {γi, γj} = 0, (25)
and the Hamiltonian is the energy (6), whih an be written in the form:
H =
detJ
2
((
1−D (γ,J−1γ)) (L,J−1L)+D (J−1L,γ)2)+ U(γ). (26)
Now we show that the system (20) desribing the motion of Chaplygin's ball is a generalized
Chaplygin system (1), and the braket (25) an be obtained using the method of reduing
multiplier (see theorem 1).
As in the Veselova problem, we use now the loal oordinates: the Euler angles θ, ϕ, ψ and
the Cartesian oordinates of the ball's enter x, y. In the moving frame of referene aligned
with the ball's prinipal axes, the angular veloity vetor and the normal to the plane are given
by (10).
The equations of the onstraints (orresponding to the no slip ondition at the point of
ontat) an be written in the form
fx = x˙− Rθ˙ sinψ +Rϕ˙ sin θ cosψ = 0, fy = y˙ +Rθ˙ cosψ +Rϕ˙ sin θ sinψ = 0. (27)
The equations of motion with Lagrange multipliers are follows:
d
dt
(
∂T0
∂x˙
)
= λx,
d
dt
(
∂T0
∂y˙
)
= λy,
d
dt
(
∂T0
∂ψ˙
)
= 0,
d
dt
(
∂T0
∂θ˙
)
− ∂T0
∂θ
= λx
∂fx
∂θ˙
+ λy
∂fy
∂θ˙
,
d
dt
(
∂T0
∂ϕ˙
)
− ∂T0
∂ϕ
= λx
∂fx
∂ϕ˙
+ λy
∂fy
∂ϕ˙
,
(28)
where T0 is the ball's kineti energy without taking into aount the onstraints (27) (obviously,
this energy does not depend on x, y, and ψ):
T0 =
1
2
m(x˙2 + y˙2) +
1
2
(ω, Iω).
Eliminating the undetermined multipliers λx and λy with the help of the first two equations in
(28) and the onstraints (27) we get
λx
∂fx
∂θ˙
+ λy
∂fy
∂θ˙
= −mR2(θ¨ + ψ˙ϕ˙ sin θ),
λx
∂fx
∂ϕ˙
+ λy
∂fy
∂ϕ˙
= −mR2(ϕ¨ sin θ + θ˙ϕ˙ cos θ − θ˙ψ˙) sin θ.
Hene, the equations of motion for the angles θ and ϕ do not depend on ψ, but only on ψ˙.
Therefore, ψ is a yli variable and an be eliminated using the Routh redution proedure;
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after that the equations of motion for θ and ϕ an be written as
d
dt
(
∂R
∂θ˙
)
− ∂R
∂θ
= −ϕ˙S, d
dt
(
∂R
∂ϕ˙
)
− ∂R
∂ϕ
= θ˙S,
S = mR2 sin θ
(
ϕ˙ cos θ + ψ˙
)
.
(29)
Here, R is the Routh funtion:
R(θ, ϕ, θ˙, ϕ˙) = T0 − ψ˙ ∂T0
∂ψ˙
,
from whih x˙ and y˙ should be eliminated using the equations of onstraints, while ψ˙ is eliminated
using the equation for the yli integral,
∂T0
∂ψ˙
= (I1 − I2)θ˙ sin θ sinϕ cosϕ+ I3ϕ˙ cos θ+
+
(
(I1 sin
2 ϕ+ I2 cos
2 ϕ) sin2 θ + I3 cos
2 θ
)
ψ˙ = c = const. (30)
So, we get the equations of motion in the form of a generalized Chaplygin system (1),
and, sine the system has an invariant measure, it is possible to write equations (29) in the
Hamiltonian form with the braket (3).
Perform the time substitution of the form
N(θ, ϕ)dt = dτ, (31)
where N = ρµ is the density of the invariant measure (22).
Aording to (2), the equations of motion, in terms of the new time, are
d
dτ
(
∂R¯
∂θ′
)
− ∂R¯
∂θ
= −ϕ′S¯, d
dτ
(
∂R¯
∂ϕ′
)
− ∂R¯
∂ϕ
= θ′S¯,
S¯ = c(I3 +mR
2)mR2N3 sin θ(I1 cos
2 ϕ+ I2 sin
2 ϕ+mR2),
(32)
where θ′ =
dθ
dτ
= N−1θ˙, ϕ′ =
dϕ
dτ
= N−1ϕ˙, R¯ = R(θ, θ˙, ϕ, ϕ˙)∣∣
θ˙=Nθ′, ϕ˙=Nϕ′
.
By applying the Legendre transformation to the system (32) we arrive at
Theorem 4. Upon the time substitution ρµdt = dτ the equations of motion (29) for Chaplygin's
ball an be written in the Hamiltonian form:
dθ
dτ
=
∂H
∂pθ
,
dpθ
dτ
= −∂H
∂θ
− S¯ ∂H
∂pϕ
,
dϕ
dτ
=
∂H
∂pϕ
,
dpϕ
dτ
= −∂H
∂ϕ
+ S¯
∂H
∂pθ
,
with the Poisson braket of the form
{θ, pθ} = {ϕ, pϕ} = 1, {pϕ, pθ} = S¯(θ, ϕ), {θ, ϕ} = 0, (33)
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where
pθ =
∂R¯
∂θ′
, pϕ =
∂R¯
∂ϕ′
,
H = θ′pθ + ϕ
′pϕ − R¯ =
=
1
2
p2θ
(
I3I˜12 −D(γ, Iγ)
)
++
1
2
p2ϕ
sin2 θ
(
I1I2 sin
2 θ + I3I˜12 cos
2 θ −D(γ, Iγ)
)
+
+
pθpϕ
sin θ
I3(I1 − I2) cos θ sin θ sinϕ cosϕ− Ncpθ
sin θ
(I1 − I2)(I3 +D sin2 θ) sinϕ cosϕ−
−Ncpϕ
sin2 θ
I3(I˜21 +D) +
N2c2
sin2 θ
(I3 +D sin
2 θ)(I˜21 +D),
I˜12 = I1 sin
2 ϕ+ I2 cos
2 ϕ, I˜21 = I1 cos
2 ϕ+ I2 sin
2 ϕ.
Expressing the variables L = ρµM (24) in terms of the loal variables θ, ϕ, pθ, and pϕ, we
find
L1 = pθ cosϕ−pϕ cos θ sinϕ
sin θ
+ cN
sinϕ
sin θ
, L2 = −pθ sinϕ−pϕ cos θ cosϕ
sin θ
+ cN
cosϕ
sin θ
, L3 = pϕ.
Using suh a transformation one an straightforwardly obtain (25).
Let us onsider in more detail the integrable ase U = 0 with zero onstant of areas (M ,γ) =
(L,γ) = 0, beause the braket (25) in this ase orresponds to the algebra e(3). We write the
Hamiltonian (21) (omitting unessential multipliers) and the additional integral (23) in terms
of the variables L, γ as follows
H =
1
2
L2(γ,Bγ)− 1
2
[
(L,BL)(γ,Bγ)− (γ,BL)2] ,
F = L2(γ,Bγ), B = 1−DJ−1 = IJ−1.
Using proposition 1 from the previous setion, we get the following result:
Theorem 5. On a fixed level (M ,M) = const and (M ,γ) = 0 the vetor field (20), with
U = 0, after the time substitution (24) and the hange of variables
s = (γ,Bγ)−1/2B−1/2γ, L˜ = B−1/2L
is redued to the vetor field of the Clebsh ase in the Kirhhoff equations with zero onstant
of areas.
4. Realization of onstraints. Chaplygin's ball with the Veselova
onstraint
In the paper by A.P.Veselov and L.Ye.Veselova [7℄, as well as in [17℄, the authors onsider
the problem of rolling on a plane of a balaned, dynamially asymmetri ball (Chaplygin's ball)
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with an additional nonholonomi onstraint (the Veselova onstraint):
(ω,E) = 0,
where E is the unit vetor of a spae-fixed axis.
The ase E ⊥ γ, with γ being normal to the plane of ontat, was onsidered in [7℄ where
the system was proved to be integrable aording to the EulerJaobi theorem. Besides, a
realization of this onstraint by means of absolutely smooth walls was offered in [7℄ (see Fig.
1) so that the ball moves along the straight line on the plane.
Fig 1: A ball rolling along a straight line (A.P.Veselov, L.Ye.Veselova).
In [17℄, the ase E ‖ γ was onsidered and it was supposed that this system should desribe
the motion of a (massive) rubber ball on a plane (an ordinary Chaplygin's ball, onsidered above,
was alled in this paper a marble ball). Later, we will show that this system is equivalent to
the Veselova system (5) (and thereby answer the question of the integrability of a rubber ball's
motion on a plane, formulated in [17℄).
Here, we onsider the general situation, assuming that E is an arbitrary spae-fixed unit
vetor. We start with desribing a possible realization of suh a system (or onstraints), sine it
is obvious that the ball-upon-a-plane realization in this ase is impossible. Basing on results of
[20, 18, 14, 16℄, we offer a more general realization for ompositions of Chaplygin onstraints,
Suslov onstraints and Veselova onstraints, using only perfet rolling (without dissipation of
energy).
Let us start with a spherial support [20℄. This system desribes the motion of a rigid body
with a fixed point O whih is enlosed in a spherial shell; the shell touhes an arbitrary number
of massive dynamially symmetri balls with fixed enters (Fig. 2). It is supposed that there is
no sliding at the points of ontat of the balls and the shell. As was shown in [20℄ this system
is integrable with an arbitrary number of balls. In the ase of a single external ball, we have a
problem equivalent to the problem of Chaplygin's ball.
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Fig 2: The spherial support (Yu.N. Fedorov)
Fig 3: Wagner's realization of the Suslov onstraint
Fig 4: Realization of the Veselova onstraint
Another system, whih an be used for realization of nonholonomi onstraints, is alled
a nonholonomi joint [14℄. The original version of this onstrution was offered in [18℄ as a
realization of the onstraint of the Suslov problem (ω,a) = 0, where a is a body-fixed vetor.
In this ase, flat wheels (disks) are attahed to the body with the fixed point; these wheels roll
without sliding upon the interior surfae of a fixed spherial shell (see Fig. 3). It is supposed
15
Fig 5: The nonholonomi joint
that a wheel is so sharp that its veloity in the diretion perpendiular to its plane is zero.
Similarly, one an onsider the motion of a body with a fixed point when the body is enlosed
in a spherial shell, whih is touhed by wheels (disks), whose axes are fixed in spae (Fig. 4). It
is lear that in the simplest ase, we obtain the onstraint of the Veselova problem (ω,γ) = 0,
where γ is the vetor lying in the disk's plane (this result was mentioned in [16℄). In [14℄, a
similar realization of a similar onstraint was offered: a frame with wheels (disks) is attahed to
the interior or exterior surfae of a spherial shell (Fig. 5). Suh a onstrution ensures equality
of projetions of the angular veloities ωs of the spherial shell and ωf of the frame with wheels
(and, orrespondingly, of the bodies attahed to them) onto the axis E whih is orthogonal to
the plane ontaining the disks' axes:
(ωs,E) = (ωf ,E).
If the frame with wheels is fixed in spae, then we have the Veselova onstraint, while the
spae-fixed spherial shell gives the Suslov onstraint.
Now let us onsider a ombination of a spherial support and a nonholonomi joint, where
the body with a fixed point is enlosed in a spherial shell whih is in ontat with a single ball
and a single disk (see Fig. 6).
In the frame of referene aligned with the prinipal axes of the body, the equations of
onstraints read
Rω × γ +R1ω1 × γ = 0, (ω,E) = 0, (34)
where ω is the body's angular veloity, R is the radius of the spherial shell, ω1 and R1 are
the angular veloity and radius of the adjoining ball, γ is the unit vetor of the axis through
the balls' enters, and E is the normal vetor to the plane that ontains the ball's enter and
the disk's axis.
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Fig 6:
The equations of motion with undetermined multipliers look as follows:
Iω˙ = Iω × ω +Rγ ×N + µE +MQ, D1ω˙1 = D1ω1 × ω +R1γ ×N ,
γ˙ = γ × ω, E˙ = E × ω,
(35)
where I = diag (I1, I2, I3) is the body's tensor of inertia, D1 is the salar tensor of inertia of
the adjoining ball, N = (N1, N2, N3) and µ are the undetermined multipliers that orrespond
to reation of the onstraints (34), and MQ is the moment of the external fores. Using the
seond equation of (35) we find that (ω1,γ)
· = 0, therefore,
(ω˙1,γ) = −(ω1, γ˙) = −(ω1,γ × ω).
Using this relation and the seond equation in (35), we eliminate γ ×N from the remaining
equations. As a result, we obtain
Iω˙ +Dγ × (ω˙ × γ) = Iω × ω + µE +MQ, D = R
2
R2
1
D1, γ˙ = γ × ω, E˙ = E × ω. (36)
Comparing this with (5) and (20), we onlude that these equations oinide with the equations
for the rolling of Chaplygin's ball with the additional Veselova onstraint; in this ase the
diretion of the vetor E an be arbitrary. The undetermined multiplier µ an be found from
the relation (E,ω)· = 0:
µ = −(Iω × ω +MQ, I
−1E)
(E, I−1Q E)
, IQ = J−Dγ ⊗ γ, J = I+D.
By straightforward alulations one an show that ifMQ does not depend on ω, equations
(36) have the invariant measure ρω d
3ω d3γ with density
ρω =
(
(E, I−1Q E) det IQ
)1/2
. (37)
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There are also obvious geometri integrals
γ2 = 1, E2 = 1, (γ,E) = const.
In the potential fore fieldMQ = γ × ∂U
∂γ
+E × ∂U
∂E
and the energy is also onserved:
H =
1
2
(IQω,ω) + U(γ,E),
where U(γ,E) is the potential energy of the external fores. If there are no external fores
(U = 0) and (E × γ 6= 0), then there are two additional integrals:
F1 = (K,E × γ), F2 = (K,E × (E × γ)) ,
K = IQω − (IQω,E)E;
(38)
hene, the system (36) is integrable (aording to the EulerJaobi theorem).
In order to prove that the integrals F1, F2 exist, let us write the equations of evolution of
the vetor K:
K˙ =K × ω.
Hene, the vetor K is fixed in spae, and all its projetions onto fixed axes are onserved, but
sine (K,E) ≡ 0, only two independent integrals remain.
Therefore, the system (36) (when E × γ 6= 0) is almost idential to the system onsidered
in [7℄ (where an additional onstraint (E,γ) = 0 is imposed). Note that the system (36) with
U = 0 has not yet been integrated in terms of quadratures.
In the speial ase E = γ the integrals (38) are identially zero, but from the equation of
the onstraint (ω,γ) = 0 we find that (ω,γ)· = (ω˙,γ) = 0 and, hene,
IQω = Jω −D(ω,γ)γ = Jω, IQω˙ = Jω −D(ω˙,γ)γ = Jω˙, Iω × ω = Jω × ω.
Therefore, in this ase after the hange I → J the system (36) is equivalent to the Veselova
system (5). Thus, we answer the question of integrability of rolling of a rubber ball formulated
in [17℄.
5. Nonholonomi Jaobi problem
Here we onsider another lass of nonholonomi systems with an invariant measure and
first integrals; however, it is still unknown, if the systems' equations of motion an be written
in the Hamiltonian form.
18
Let a dynamially symmetri ball (I = D0E) of radius R roll without sliding upon a fixed
surfae. In a fixed Cartesian frame of referene, the surfae, on whih the ball's enter moves,
is given by Φ(x) = 0. (It is lear that the surfae, on whih the ball moves, is equidistant to
the surfae Φ(x) = 0, but the equations of motion take a simpler form if the radius-vetor of
the enter x is used.)
The equations of the onstraint and the equations of motion with undetermined multipliers
are
v −Rω × n = 0, n = ∇Φ(x)|∇Φ(x)| ,
mv˙ =N − ∂U
∂x
, µω˙ = RN × n,
where v = x˙ is the veloity of the enter of mass, ω is the ball's angular veloity, m is the
mass of the ball, N is the onstraint reation, n is the normal to the surfae, and U(x) is the
potential energy of the external field. All the vetors are supposed to be projeted onto the
fixed system.
Fig 7: Rolling of a ball on a surfae (G is the enter of mass, Q is the point of ontat of the
ball and the surfae)
After eliminating the undetermined multipliers N , we obtain the equations of motion in
the form (
m+
D0
R2
)
ω˙ = m(ω,n)n˙+Rn× ∂U
∂x
, x˙ = Rω × n, (39)
where n˙ is expressed, using the equation of the surfae, as follows:
n˙i =
1
|∇Φ|
∑
k
(
∂2Φ
∂xi∂xk
− 1|∇Φ|2
∑
j
(
∂Φ
∂xi
)(
∂Φ
∂xj
)
∂2Φ
∂xj∂xk
)
x˙k.
Equations (39) admit the geometri integral and the integral of energy
Φ(x) = 0, H =
1
2
(D0 +D)ω
2 − 1
2
µ(ω,n)2 + U(x), D = mR2. (40)
Besides, there is also the invariant measure ρω d
2ω d3x with density [26℄
ρω = |∇Φ(x)| =
√√√√ 3∑
k=1
(
∂Φ
∂xk
)2
. (41)
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Is it possible (using, say, the method of reduing multiplier) to represent the equations (39)
in the Hamiltonian form?
Obviously, in the general ase the answer to this question is `no'. Indeed, writing (39) in
terms of the loal oordinates on the surfae Φ(x) = 0, we obtain the system of five equations
with the integral of energy. If this system is Hamiltonian, then the orresponding Poisson brak-
et is neessarily degenerate (the rank of the Poisson braket is always even); onsequently, there
should exist a Casimir funtion F (x,ω) independent of the energy (40). But if suh a funtion
existed, it would have been an integral of equations (39), whih, as numerial experiments
show, generally does not exist.
There is an important speial ase of (39), when the surfae is a three-axial ellipsoid Φ(x) =
(x,B−1x)−1 = 0, B = diag (b1, b2, b3) (more preisely, an arbitrary quadri surfae). This is the
so-alled nonholonomi Jaobi problem [4℄, similar to the problem of geodesis on an ellipsoid.
It is shown in [4℄ that in this ase there is an additional integral
K =
(ω × n,B−1ω × n)
(n,Bn)
. (42)
The integral (42) is similar to the Joahimstahl integral in the lassial problem of geodesis
and an be extended to the ase when the potential U(x) =
k
2
x2 +
1
2
∑
i
ci
x2i
, k, ci = const, is
added.
If the nonholonomi Jaobi problem an be written in the Hamiltonian form (possibly with
time substitution)? It is a very ompliated question. On one hand, as numerial experiments
show, the system in this ase behaves haotially and is nonintegrable [4℄, so we annot find
here any obstales for Hamiltonian representation, typial for integrable systems. Besides, the
two-dimensional Poinare map, whih an be onstruted on the level surfae of the integrals
(40) and (42), has a measure and is sympleti; therefore, this map an be generated into
the flow of a Hamiltonian system (see, for example, [27℄). On the other hand, the method of
reduing multiplier and the expliit Poisson struture fitting do not give the required results.
Note that the possibility of hamiltonization essentially depends on smoothness, analitiity, or
algebraiity of the sought-for Poisson struture. Here, we do not onsider these issues.
Another nonholonomi problem (somewhat simpler than the previous one, beause there ex-
ists a ertain integrable limit problem) onerns the system onsidered in [21℄: it is a problem of
the spherial suspension. It is supposed in this ase that a dynamially asymmetri ball (Chap-
lygin's ball) rolls on the surfae of a fixed sphere. An analysis of the problem's integrability is
given in [21, 29℄.
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